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The collision of a string with a distributed rigid barrieiagk a role in various musical instruments. Tlfeets can
range from minor but salient, as in the case of a freely vibgaguitar string in contact with the instrument neck,
to major, as in the case of stringed instruments such astireasitambura. Other examples are associated with
playing gestures, such as the styingtboardfinger interaction. Numerical design for such a highly noeér
interaction, whether for purposes of model validation oursb synthesis, poses many challenges. The finite
difference time domain method is applied here, in a Hamiltorsamdlation, with collisions modelled through
the use of a potential penalizing penetration; such a dasigy be analysed in terms of energy conservation
or dissipation, leading to convenient stability condiBonimplementation issues for the resulting algorithms
will be discussed. Various perceptual features will besillated, as well as numerical features such as strict

energy conservatigdisspation, and the degree of interpenetration. Exterdimtthe “doubly nonlinear” case of
geometrically nonlinear string vibration in conjunctioitindistributed collision will also be discussed.

1 Introduction

Many musical instruments feature collision interactions—
clearly crucial to any instrument relying on percussive

impact (such as, e.g., pianos or percussion instruments),

but which also play a role in problems involving distributed
collision with a barrier, as in the case of various Indian
stringed instruments such as the the sitar [1] and timbura,
and further when collision between vibrating components is
present, as in the case of the snare drum.

Presented here is a brief investigation of numerical

design for such systems, taking the simple test case of

the string with a unilateral constraint [2]—such a model
necessarily involves a non-smooth (one-sided) nonlityeari
One approach to numerical design for such a problem
employs a hard non-penetrative constraints to model the
collision—another employs a penalty formulation [3],
smoothing the nonlinearity, but allowing for some spurious
interpenetration of the vibrating object (the string insthi
case) into the barrier. As is the case for other nonlinear

systems in musical acoustics [4], an approach based on

a Hamiltonian formulation is invaluable, allowing for

both stability conditions as well as, in this case, bounds
on interpenetration.  The collision problem has been
treated previously by various authors, using both finite
difference time domain methods [5] and digital waveguide
techniques [6], for sound synthesis. Further recent result
on Hamiltonian numerical methods for collisions, for a wide
variety of systems in musical acoustics, may be found in [7].

In Section 2, a simple model of a ftilossy string
vibrating in a single transverse polarization against aidar

operatorL is defined here as
L[u]=(0d1— T dxx+ Eldxx0xx+ 2007001 — 2001010xx) [U]  (2)

Here,d; anddy represent partial élierentiation with respect
totandx. pis linear mass density, in kg, T is string tension
in N, E is Young’s modulus, in Pd, is moment of inertia,
in m*. 0,01 > 0 are parameters allowing for frequency
dependent loss. Wharg = o1 = 0, the string is lossless.
In the absence of, this equation describes the unforced
motion of a string under linear conditions. In this basiagtu
boundary conditions are assumed simply supportedyi-e.
O = 0 at x = 0,L. For this unforced problem, two
initial conditions,u(x, 0) andd;u(x, 0) must be supplied.

The term# (x, t) is a force density, representing thiéeet
of string collision with a rigid barrier below, located atiglet
b(x). In a numerical implementation, it is convenient to
model this barrier as perfectly elastic collision, but aiilog
for a small amount of interpenetration of the string into the
barrier. Consider a force density of the form

F=F @ 3

depending on the penetration distang®, t)—a necessary
requirement is tha¥ = O whenever and wherever < 0.
Such a force should penalize interpenetration, and, inrorde
to be numerically tractable, should be smooth. One choice is

n=b-u

(4)

for some constants > 0, anda > 1. Such a power-law form
resembles that found in Hertzian models of collision [8],
and often used in models of the hammer-string interaction

F=Kuli D=5 0+l

is presented, accompanied by an energy analysis. Section g}. here however, it is used as an approximation to an ideal

3 describes the transfer of such a Hamiltonian model to
a discrete formulation; various distinct approximations t
the system available in the discrete case, all of which lead,
ultimately, to a numerical energy conserving (dissipgting
design, from which stability conditions may be deduced.
Simulation results appear in Section 4.

2 String/barrier Collision Model

Consider a sff string, vibrating at low amplitude in a
single transverse polarization, and in contact with a barri
For simplicity, only the unforced problem will be treated
here. One model of such a string is given by

Llu-F=0 D
Hereu(x, t) is the displacement of the string, as a function of
t > 0, and forx € D = [0, L], for a string length_. The linear

collision [10], and is best thought of as a mathematical
construction, rather than a physical one. A more useful way
of writing the penalty force density corresponding to the
power law is in terms of a potential densityn), as

— _ K a+l
F=a¢/0m @)= ——h" >0 ©)
Through multiplication of (1) byduu, and using
integration by parts oveP, an energy balance results:

d$
=% (6)

where the total stored enerdy = $. + H$s and dissipated
powerQ are given by

oL (7)
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In particular, simply supported boundary conditions have
been employed here. Note in particular tifat> 0 and

Q > 0 implying that, under unforced conditions, the system
is dissipative as a whole, i.e. & 9() < 90). Ina
numerical setting, determining conditions for dissipiafiis

a convenient means of proving numerical stability, andig th
case, for finding bounds on maximal spurious penetration of
the string into the barrier.

One could proceed in the opposite sense and deduce
the equations of motion (1) through the Euler-Lagrange
equations—in numerical design, where energy conservation
and dissipation properties are to be enforced, there is no
essential dference between the two formulations, i.e., one
arrives ultimately at the same algorithms.

3 Numerical Methods: FDTD

Consider an approximation of system (1) using
finite difference time domain (FDTD) methods [11].
To this end, define theN - 1) element column vector

u" = [ul,...,ul_,]7, representing an approximation to
u(x, t) at timet = nk, for some time stefx, and at interior
locations on the stringg = |h, | = 1,...,N - 1, where

h = L/N is the grid spacing, for some integdr

3.1 Difference Operators

Time shift operatorg;, ande._ may be defined, for any
vectorw", as

n+1

Q+Wn =W Q_Wn — Wn—l

(9)

and, from these basic shifts, forward, backward and cedhtere
approximations to a time derivative as

1 1 1
Oty = K (& -1) 6= K (1-e&) o= 2K (& —&-) (10)
and a second time derivative as

1
Ot = 040t = 2 (& —2+8e) (11)

Averaging operators may be defined as

1 1
He = 5 (e +1) g > (1+e)  pn=pep- (12)

Forward and backward spatialfidirentiation operations
Dy andDx- may be written, in matrix form, as

-1

1 1

Dyt = Dx- = _D->|<-+

gl

-1 1

-1
Here,Dy, is N x (N — 1), and the matrix transpose operation
is written here a§. Approximations to the second and fourth
spatial derivatives may be written as

Dyx = Dx-Dy+ Diyxxx = DxxDxx (13)

3.2 Finite Difference Scheme

A basic finite diference scheme for system (1) may be
written, in operator form, as

W —i"=0 (14)

Here, the discrete operatdris an approximation to the
continuous operataf, as defined in (2). Many choices are
available—here are two:

h2
L=p (1_77 Dxx) St—T DyxtE 1D xxxx+206t. (00-01Dxf15a)
lunc= POt — TptDyxx + Elpt Dyxxxt 206t (00-01Dxx) (15b)

The first approximation, parameterized by a real number
v (constrained, as will be seen) yields a standard centred
scheme for the string equation—in particular, when

= 0 ando; = O, it is explicit. The second, employing
averaging operatorgy reduces to an application of the
so-called trapezoid rule to temporal derivatives, leading
to unconditionally stable algorithms but with very poor
numerical dispersion and artificial bandlimiting propesti
See Section 4.1. Both (and many others) can be analyzed in
terms of numerical energy conservation and dissipation.

In analogy with the definition (5) for the collision
interaction force, one may define

i" = 6t.¢"/6en"

b is the barrier profile sampled at the locations: |h, | =

1,...,N -1, andi" is interpreted as the element-by-element
division of two vectors. the vectat” is defined asp"
#(n"), using a potential function such as that given in (5).

7 =b—u" (16)

3.3 Energy, Stability and Penetration Bounds

In analogy with the continuous system, one may multiply
the discrete system (14) By(6.u™)" to arrive immediately
at the energy balance

Sb=-q where bh=bh +bs (17)

where
b =h1" . 9"

wherel indicates a column vector consisting of ones. Note
that by constructiorhg > 0 andg > 0.

The form of},_, corresponding to stored energy in the
string, depends on the choice of the operdtorFor the
choiced, andl,n, as given in (15)p, is given by

q"=2ph (col6t. UM +0116: Dy ") (18)

h he
by = %|5t+un|2 + pTy|6t+Dx+un|2 (19)
Th T Elh T
Ly (Dx+u”+1) Dy, U" + - (Dxxu”+1) Dy u"
h Th Elh
DLunc = %|6t+u”|2+ 5l DU+ =l Dot (20)

The scheme will be stable (i.e., dissipative), wign> 0.
For the choicéync, bLunc IS NON-negative, and the scheme is
unconditionally stable. For the choiggthe energy termy,
is non-negative whep > -1, and wherh > hyi,, where

> Tk

Mnin = 25 +7) (‘” ]

For the free parametey, an excellent choice, obtained
through matching the number of numerical degrees of
freedom of the scheme with that of the system, is
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Whenp_ > 0, the algorithm is numerically stable; going
further, under these conditions, one may bound the spurious
interpenetratiom; under such conditions as € hg < b,
leading immediately to

2+ 1)h) ™
)

which can be made as small as desired using an appropriate
collision parameteK.

max(y) < ( (23)

3.4

Regardless of the choice of the approximating opefiator
the scheme (14) may be written, in vector matrix form, as

¢n+l _ ¢n—l
mnn+l — nn—l

where one has, for the cases of the parameterized and
unconditionally stable schemes:

Implementation and Iterative Methods

Au™! = Bu"+Cu™?! + (24)

A,=L+M B,=P+2L C,=-L+M
Aunc=1 +M=2P Bupc=2 + P Cunc=—1+ =P+ M
unc— 4 unc — 2 unc — 4

in terms of the matrices

yh?

k2
L = I__4 Dxx M = k(O’o—O’lex) P = — (TDXX_EIDXXXX)
o

or, after introducing the variable= n™?* — "1, as

o +2) - () _
r

Ar +g+m 0 (25)
wherem = k?/p,g = Bu" + (C — A)u™!anda = 5" .

This vector nonlinear equation can be shown to possess
a unique solution, wheA is positive definite (as it is here),
and for a power law potential of the form given in (5). See,
e.g., [7], extending the result for the case of the lumped
masgbarrier collision in [12]. An iterative method will be
required in general, such as Newton Raphson; the number
of iterations required depends strongly on the choice of
the parameters defining the barrier power law potential—
generally, the larger the value &f, the more iterations will
be required (and the smaller the spurious interpenetration
will be, as per (23)).

If A is diagonal (i.e., if the scheme is explicit), then the
system (25) decouples to a set of scalar nonlinear equations
of the form

a0+ a) — (@)
M

reducing the computational load. Furthermore, if one makes

the choicer = 1, corresponding to a quadratic potential, then

each scalar equation may be solved exactly, according to the
following cases:

n+a+ =0,1=1,...,N-1 (26)

A - 0 + 2am
aIZO»glsal(l—m):n:_u

a>0q>a(l—):n =—%(g.+ ﬂ/g,2+4mq2)

a<0gza:rn=-0

-8 - 2+ \[6F + 4Ma (6 - a)
2(1+ 1)

Such an exact solution leads to a great acceleration with
respect to an iterative solver.

a<0@<a:n=

4 Simulation Results

4.1 Approximations to the Linear String:
Mode Detuning and Dispersion

Spurious numerical dispersion is a drawback of FDTD
approaches to musical instrument simulation and synthesis
For a linear string, for example, in isolation, it leads to a
mistuning of modal frequencies. The choice of the linear
operatorl must thus be made carefully. In this section, the
dispersive characteristics of three schemes for the sining
isolation are examined: using with y = 0 (the default
scheme), the optimal scheme with= vy., wherevy, is as
given in (22), and using the unconditional scheme Wjth

In Figure 1, the frequency responses of the three schemes
are compared, for a typical fti string—as expected,
the optimal scheme gives an excellent match to modal
frequencies over a wide range of frequencies—indeed,
it is also more #icient than the default scheme. The
unconditionally stable scheme exhibits severe warping of
modal frequencies in the low audio range. The flipside to
such modal accuracy is easily visible in plots of dispersion
of a short raised cosine pulse used as an initial condition,
as shown in Figure 2, in comparison with a solution
computed at a very high sample rate (and thus serving as an
approximation to an exact solution)—the unconditionally
stable scheme exhibits severe distortion.
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Figure 1: Comparison of frequency responses @ifedént
schemes (red: default, green: optimal and blue:
unconditionally stable), with exact modal frequencies
indicated by plack lines. In this case, the string has
parameters: L 0.8 m T = 385N, r = 05 mm,
and is assumed made of steel, wih= 2 x 10*! Pa and
p/nr? = 7850 kgm?3. The initial condition is a short raised
cosine pulse, and the sample rate is 44 100 Hz.
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Figure 2: Profile of string, as described in the caption to
Figure 1, using dferent schemes (color coded as above), and
using a short raised cosine as an initial condition. The $amp
rate is 44 100 Hz—in black, a solution computed at 384 kHz
(effectively exact) is shown.

4.2 Time Evolution of a Plucked String Profile

Continuing the above analysis, now consider the string in
contact with a rigid barrier of simple parabolic form, using



the optimal scheme witl = y.. The time evolution of the
string profile, illustrating multiple collisions, is as sho in
Figure 3.

x 10" t =0ms x 10 + =0.5ms

u (m)
N oo N
u (m)
N o N

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
x 107 ’ <§fnllms x10° ’ (%n):lf)ms
4 4

u (
|

w (m)
N

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
x 107 ’ qpl?ms x10° ¢ (in):2,5ms
4 4

u (m)
u (m)

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
2 (m) 2 (m)

Figure 3: Snapshots of string profile, under a trianguldiahi
distribution, of height 4 mm, in contact with a barrier of

parabolic shape, at times as indicated. Sample rate is 44 100

may not be contiguous, as illustrated in Figure 5. In this
figure, and interesting phenomenon of sharpening of a
wavefront, as well as a “binding” to the barrier during trians

is illustrated.
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Figure 5: Microfeatures of a leftward-traveling pulse
interacting with a smooth barrier, illustrating a non-
contiguous contact region, and wave sharpefimgling to
the barrier.

4.5 Pitch Changes

A more perceptually relevant feature is th&eetive

Hz, and string parameters are as in the caption to Figure 1, change in pitch with excitation amplitude, accompanied by

but withr = 0.1 mm. The barrier has parameté¢s= 10
anda = 2.3.

the generation of noise-like timbres. Under lossy condgjo

amplitude 0.01mm

= 1500 —
4.3 Energy Conservation and Spurious < 1000 -
Penetration —_— —_———
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Under lossless conditions, the schemes presented here |
are energy conserving to machine accuracy—see Figure & 1500 e — — e -
= 1000 et — > —

4, showing the energy partition and energy deviation as a <

function of time for the string collision as described in the
previous section.

For the stringbarrier combination described here, the
maximum penetration is bounded by (23), giving, in this
case, a penetration bound of ¥B* m. In fact, as
illustrated in the bottom panel of Figure 4, in practicesthi
bound is overly conservative.
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Figure 4: For the simulation described in Figure 3: Left:
the energy partition, with string energy in red, and barrier
potential energy in blue, and total energy in black. Middle:
normalized energy deviation, defined(a%— bo) /ho. Right:
maximum penetration, as a function of time.

4.4 Contact Region
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Figure 6: Spectrograms of output, for strings initializeithw
a triangular distribution, of varying amplitudes, as iradied.

5 Conclusion

Hamiltonian based numerical methods provide a
number of benefits in the context of collision modeling,
as illustrated here in the simple case of a string vibrating
under a unilateral constraint. One is the ability to arrive a
convenient numerical stability conditions, which resuttrh
(a) designing a method such that a given quantity (energy)
is either conserved or strictly dissipated, and (b) finding
conditions under which this quantity is a non-negative
function of the state, thus serving as a Lyapunov function.
Another, particularly relevant here, is the ability to exr

The contact region between the string and barrier varies bounds on spurious interpenetration, so as to have some

in a highly nontrivial way—indeed, the regions of contact

confidence in the accuracy of computed solutions. As
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